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1. Introduction 

The theory of free probability and free entropy was developed by Voiculescu from 1980s. His 
theory plays a crucial role in the recent study of finite von Neumann algebras (see [5] , [S] , [10] , 
[TT] . [E], [13], [Hj, [17], [23], [24], [34], [35], [36]). The notion of topological free entropy 
dimension of n-tuple of elements in a unital C*-algebra, as an analogue of free entropy dimension 
for finite von Neumann algebras in C*-algebra context, was also introduced by Voiculescu in |37] . 
where basic properties of free entropy dimension are discussed. 

We started our investigation on properties of topological free entropy dimension in [18] . 
where we computed the topological free entropy dimension of a self-adjoint element in a unital 
C*-algebra. Some estimations of topological free entropy dimensions in infinite dimensional, 
unital, simple C*-algebras with a unique trace, which include irrational rotation C*-algebra, 
UHF algebra and C*^^{F2) ®rnin C*^^{F2), were also obtained in the same paper. In |19j . we 
proved a formula of topological free entropy dimension in the orthogonal sum (or direct sum) of 
unital C*-algebras. As a corollary, we computed the topological free entropy dimension of every 
finite family of self-adjoint generators of a finite dimensional C*-algebra. In this article, we will 
continue our investigation on the concept of Voiculescu's topological free entropy dimension. 

To study Voiculecu's topological free entropy dimension, firstly we introduce a notion of 
topological orbit dimension ^[Ip, a modification of "topological free orbit dimension" in |18] 
which is inspired by the paper |17] . of n-tuple of self-adjoint elements in a unital C*-algebra. 
We prove that ^ ' is a C*-algebra invariant. In fact we have the following result. 
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Theorem 3.2: Suppose that .4 is a unital C*-algebra and {xi, . . . , Xn}, {yi, • • • , Up} are two 
families of self-adjoint generators of A. Then 

•^Lp(^l! • • • ! -^n) = -^opd/l' • • • 5 Up)- 

Moreover, we show in Theorem 3.1 that if 2^1, . . . , is a family of self-adjoint elements in 
a unital C*-algebra A, then 

6top{zi, ...,Zm)< max{^lll{zi, . . . , z^), 1}, 

where Stop{zi, .... Zm) is the Voiculcscu's topological free entropy dimension of 2:1, . . . , 2;^ in 
This result, together with Theorem 3.2, provides us a possible way to compute the Voiculescu's 
topological free entropy dimension of an arbitrary family of self-adjoint generators of a unital 
C*-algebra A by studying the topological orbit dimension of a specific family of self-adjoint 
generators in A. 

We then study the topological orbit dimension in tensor products and orthogonal sums of 
unital C*-algebras and obtain the following results. 

Theorem 3.4: Suppose that ^ is a unital C*-algebra and n is a positive integer. Suppose 
that B — A<S> A1„(C). If x'l, . . . , is a family of self-adjoint generators of A and yi, ... ,yp is 
a family of self-adjoint generators of B, then 

•^op(yi) ■ ■ • ) Up) — -^opl^l) • • • ) ^m)- 

Theorem 3.5: Suppose that A and B are unital C*-algebras with a family of self-adjoint 
generators Xi, . . . and yi, ■ ■ ■ ,ym respectively. Suppose V — A^B is the orthogonal sum 
of A and B with a family of self-adjoint generators zi, . . . ,Zp. Then, 

^%(zi, ...,Zp) < ^%(xi, ...,Xn)+ ^%(yi, ■■■,ym)- 

Next we show that topological orbit dimension is always majorized by orbit dimension ca- 
pacity: 

Theorem 4.1: Suppose that ^ is a unital C*-algebra and family of self-adjoint 

elements in A. Then 

where M^\xi, . . . , x„) is the orbit dimension capacity defined in Definition 4.1. 

A direct consequence of Theorem 4.1 is the computation of topological free entropy dimension 
of every finite family of self-adjoint generators in a nuclear C*-algebra. 

Corollciry 4.1: Suppose A is a unital nuclear C*-algebra with a family of self- adjoint generators 
Xi, . . . , Xn- If A has the approximation property in the sense of Definition 4.2, then 

^%{xi, . . . , x„) = and Stop{xi, ...,Xn)<l. 

The lower bound of topological free entropy dimension of a family of self-adjoint generators 
of a nuclear C*-algebra depends on the choice of nuclear algebras. For example, 5top{xi, . . . , x„) 
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= Oif family of self-adjoint generators of the unitization of C*-algebra of compact 

operators (see Theorem 5.6 in |18j). On the other hand, 5top{xi, . . . , a;„) = 1 if Xi, . . . , x„ is a 
family of self-adjoint generators of a UHF algebra (see Theorem 5.4 in |18] ). 

More applications of Theorem 4.1 can be found in Corollary 4.2, Corollary 4.3 and Corollary 



The last part of the paper is devoted to prove that the topological free entropy dimension 
is additive in unital full free products of unital C*-algebras with the approximation property 
in the sense of Definition 4.2, or equivalently in unital full free products of unital Blackadar 
and Kirchberg's MF algebras (See Theorem 5.1). As a corollary of Theorem 5.1, we obtain the 
following result, which is a generalization of an earlier result proved by Voiculescu in [37]. 

Corollary 5.1: Suppose that (i = 1,2, . . . ,m) is a unital C*-algebra generated by a self- 
adjoint element Xj in Ai. Let V be the unital full free product of ^i, . . . An equipped with unital 
embedding from each Ai into T>. If we identify the element Xi in Ai with its image in D, then 



where rii is the number of elements in the spectrum of Xi in Ai (We use the notation l/oo = 0). 

The concept of MF algebras was introduced by Blackadar and Kirchberg in [Ij. This class 
of C*-algebras plays an important role in the classification of C*-algebras and it is connected 
to Brown, Douglas and Fillmore's extension theory (see the striking result of Haagerup and 
Thorbjensen on Ext{C*{F2)). In the appendix, we show that the unital full free product of 
two Blackadar and Kirchberg's separable unital MF C*-algebras is again an MF algebra (See 
Theorem 5.4). Based on Haagerup and Thorbj0nsen's work on Ext{C*{F2)), we are able to 
conclude that Ext{C*{F2) *c C'*(-^2)) is not a group. This result provides us new example of 
C*-algebra whose extension semigroup is not a group. 

The organization of the paper is as follows. In section 2, we give the definitions of topological 
free entropy dimension and topological orbit dimension of n-tuple of elements in a unital C*- 
algebra. Some properties of topological orbit dimension are discussed in section 3. In section 
4, we introduce the concept of orbit dimensional capacity and discuss its application in the 
computations of topological orbit dimension in finitely generated nuclear C* algebras and several 
other classes of unital C*-algebras. In section 5, we prove that topological free entropy dimension 
is additive in unital full free products of some unital C* algebras. In the appendix, we show that 
the unital full free product of two MF algebras is again an MF algebra and Ext{C*{F2)*cC*{F2)) 
is not a group. 



In this section, we are going to recall Voiculescu's definition of topological free entropy 
dimension of n-tuple of elements in a unital C*-algebra and give the definition of topological 
orbit dimension of n-tuple of elements in a unital C*-algebra. 



4.4. 




2. Definitions and preliminary 
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2.1. A Covering of a set in a metric space. Suppose (X, d) is a metric space and K is 
a subset oi X. A family of balls in X is called a covering of K if the union of these balls covers 
K and the centers of these balls lie in K. 

2.2. Covering numbers in complex matrix algebra {A4k{C)y\ Let A4kiC) be the 
k X k full matrix algebra with entries in C, and be the normalized trace on A1fc(C), i.e., 
Tfc = ^Tr, where Tr is the usual trace on M.k{C). Let U{k) denote the group of all unitary 
matrices in MkiC). Let Alfc(C)"' denote the direct sum of n copies of MkiC). Let Ml^°^{C) 
be the subset of AikiC) consisting of all self-adjoint matrices of A^fc(C). Let (A^^'"(C))" be 
the direct sum (or orthogonal sum) of n copies of A1^"(C). Let || • || be the operator norm on 
Mk{CT defined by 

\\{A,,...,An)\\ =max{pi||,...,||A„||} 
for all {Ai, . . . , An) in A^fe(C)'*. Let || • ||2 denote the trace norm induced by Tk on A^fe(C)", i.e., 

||(Ai,...,A„)||2 = ^yn{AlA^) + ... + Tk{A*^An) 

for aU {Ai,...,An) in A<fc(C)". 

For every o; > 0, we define the ci;-|| • ||-ball Ball{Bi, . . . , ui, || ■ ||) centered at . . . , 
in Alfc(C)" to be the subset of A^fc(C)" consisting of all (^41, . . . , An) in Alfe(C)" such that 

\\{A,,...,An)-{B,,...,Bn)\\<u;. 

Definition 2.1. Suppose that H is a subset o/ A^fc(C)". We define the covering number 
u^CEjCu) to be the minimal number of u!-\\ ■ \\-baUs that constitute a covering of 12 in A1fe(*C)". 

For every > 0, we define the uj-\\ ■ ||2-ball BaU{Bi, . . . , Bn;u!, \\ ■ II2) centered at {Bi, . . . , Bn) 
in Mk{C)"' to be the subset of MkiC)"' consisting of aU [Ai, . . . , An) in MkiC)"' such that 

\\iAi,...,An)-iBi,...,Bn)\\2<UJ. 

Definition 2.2. Suppose that E is a subset of MkiC)"". We define the covering number 
1/2(^,0;) to be the minimal number ci/cj-|| ■ \\2-balls that constitute a covering ofT, in Mk{C)"'. 

2.3. Unitary orbits of balls in 7Vffc(C)". For every a; > 0, we define the c<j-orbit-|| ■ II2- 
ball U{Bi, . . . , Bnito, II • II2) centered at (£1, . . . , Bn) in MkiC)" to be the subset of 7Wfe(C)" 
consisting of all (Ai, . . . , A„) in MkiC)" such that there exists a unitary matrix W in U{k) 
satisfying 

II (A, ...,An)- (WBiW*, WBnW*)\\2 < u. 

Definition 2.3. Suppose that T, is a subset of Mk{C)"'. We define the covering number 
02(12,00) to be the minimal number of u!-orbit-\\ • \\2-balls that constitute a covering of T: in 
Mk{C)". 



2.4. Noncommutative polynomials. In this article, we always assume that ^ is a unital 
C*-algebra. Let Xi, . . . , Xn, yi, . . . ,ym be self-adjoint elements in A. Let C(Xi, . . . , X„, Yi, . . . , F^) 
be the set of all noncommutative polynomials in the indeterminates Xi, . . . , X„, Yi, . . . , Y^. Let 
{Pr\%,i be the collection of all noncommutative polynomials in C(Xi, . . . , X„, Yi, . . . , Y„^ with 
rational complex coefficients. (Here "rational complex coefficients" means that the real and 
imaginary parts of all coefficients of Pr are rational numbers). 

Remark 2.1. We alsways assume that 1 G C(Xi, . . . ,X„, Yi, . . . ,Ym). 

2.5. Voiculescu's norm-microstates Space. For all integers r,k > 1, real numbers 
R,e>0 and noncommutative polynomials Pi, . . . , Pr, we define 

("^l' ■ ■ ■ ' Uli ■ ■ ■ 1 Hm'-i k, e. Pi, . . . , Pr) 

to be the subset of (A^^'"(C))'^+™ consisting of all these 

(Ai,...,A„,5i,...,s„)G(^r(c)r+'" 

satisfying 

max{pi||, . . . , ||A„||, ||5i||, . . . , < R 

and 

\\\Pj{Ai, . . . , An, Bi, . . . , B.m)\\ - \\Pj{xi,. . .,Xr^,yi,. . .,ym)\\\ < e, V 1 < j <r. 
Define the norm-microstates space of xi, . . . , x„ in the presence oi yi, . . . ,ym, denoted by 

^(-^l! ■ ■ ■ 1 '■ yi, ■ ■ ■ , ym] k, e. Pi, . . . , Pr), 

to be the projection of T^l^^\xi, . . . , Xn, yi, . . . , ym] k, e. Pi, . . . , Pr) onto the space (A^^°(C))" 
via the mapping 

{Ai, . . . , An, Bi,. . ., Bm) {Ai, . . . , An). 

2.6. Voiculescu's topological free entropy dimension (see |37j). Define 

i^oo(r^°^^(xi, . . . ,Xn ■■ yi, . . .,ym; k,e,Pi, . . .,Pr),Uj) 

to be the covering number of the set t''^^\xi, . . . ,Xn '■ yi, ■ ■ ■ , ym', k, e. Pi, . . . , Pr) by uj-\\ ■ ||-balls 
in the metric space (A^^ '^(C))" equipped with operator norm. 

Definition 2.4. Define 
Stop{xi, . . . , Xn : yi, . . . ,ym;u:) 

_ ■ f V iog(z/oo(r^°^^(xi, . . . 

; ■ yi) ■ ■ ■ ) ym, 

k,e,Pi,...,Pr),uj)) 

— su.p iiii iiixi sup 7 o 1 

Ryo ^>o,reN -k^logu 

The topological free entropy dimension of Xi, . . . ,Xn in the presence of yi,...,ym is 

defined by 

6top{xi, Xn : yi, . . . ,ym) = limsup(5top(xi, . . . ,Xn : yi, ■ ■ ■ ,ym]^^) 



Remark 2.2. Let R > max{||a;i||, . . . , ||a;„||, \\yi\\, • • • , ||?/m||} be a positive number. By defi- 
nition, we know 

^topi^lj • • • ) ■ Vli • • • 1 ym) 

y ■ f ^■ log{u^{r''^"^\xi,...,Xn:yi,...,ym]k,e,Pi,...,Pr),Lj)) 
= lim sup mr lim sup — — 

2.7. Topological orbit dimension Kj^gp. Define 



02(['r"^\xi, ...,Xn:yi,...,ym]k,e,Pi,...,Pr 



to be the covering number of tlie set r^°^^(a:i, . . . ,Xn '■ yi, . . . , ym', k,e, Pi, . . . , P^) by a;-orbit- 
II ■ ||2-balls in tiie metric space (A^|"(C))" equipped witli tfie trace norm. 

Definition 2.5. Define 

\og{o2{T^^\xi,...,Xn:yi,...,ym]k,e,Pi,...,Pr),u)) 
= sup mf iim sup — 

R>0 e>0,r-eN fe^^o 

Remark 2.3. The value of ^Jp{xi, . . . , Xn '■ yi, ■ ■ ■ , ym', increases as u decreases. 
The topological orbit dimension of xi, . . . ,Xn in the presence of yi, . . . ,yjn is defined by 

Xn •.yi,...,ym) =limsup^oJ,(xi,...,x„ : yi, . . . 

(2) 

Remark 2.4. In the notation ^l^p, the subscript 'top" stands for the norm-micro states space 
and superscript "(2) " stands for the using of unitary- orbit-^ ■ ^2-balls when counting the covering 
numbers of the norm-microstates spaces. 

Remark 2.5. Let R > max{||a;i||, . . . , ||a;„||, ||yi||, . . . , ||ym||} be a positive number. By defi- 
nition, we know 

•^opl-^i) ■ ■ ■ , '■ yi, ■ ■ ■ , ym) 

y -f y log{o2{r'^R^\xi,...,Xn:yi,...,ym;k,e,Pi,...,Pr),u})) 

= fim sup mf fim sup . ^ ^ ^ ^ 



OJ- 



^0+ e>0,r-eN ^-^^ k^ 



2.8. C*-algebra ultraproducts. Suppose {M.km{^)}m=i ^ sequence of complex matrix 
algebras where k^ goes to infinity as m goes to infinity. Let 7 be a free ultrafilter in /3(N) \ N. 
We can introduce a unital C*-algebra Y[m=i-^km{'^) ^ follows: 

00 

n MkJC) = {{Ym)^^, I V m > 1, e MkJC) and sup ||F„|| < 00}. 

1 m>l 

m=l — 



We can also introduce a norm closed two sided ideal Xoo as follows. 

oo 

Xoo = {{Ym)^=, G n -^'^^(C) I lim \\Y„,\\ = 0} 

Definition 2.6. The C*-algebra ultraproduct of {Mkrr,{^)}m=i (^long the ultrfilter^y, denoted 
by ni=i -^fcmlC), IS defined to be the quotient algebra, H^^i Mk„,{C)/Ioo, o/nm=i -^fcm(C) by 
the ideal loo- The image of {Ym)^=i e lY^^iMk^iC) in 111=1 -^fc„(C) is denoted by 

3. Properties of topological orbit dimension R^^^ 

(2) 

In this section, we are going to discuss properties of the topological orbit dimension Kj^^jp. 
The following result explains the relationship between Voiculescu's topological free entropy 
dimension and topological orbit dimension of ra-tuple of elements in a unital C*-algebra. 

Lemma 3.1. Suppose that A is a unital C* -algebra and family of self-adjoint 

elements in A. If 

then 

Proof. Let {Pr}'^i be the collection of all noncommutative polynomials in C(Xi, . . . , X„) 
with rational complex coefficients. For any < u < 1/10, R > max{||xi||, . . . , ||a;„||}, by Remark 
2.3 we know that 

inf lim sup M02(rr(xi,... X fc,e,Pi,...,fi),^)) ^ _ _ _ ^ ^ 1 _ 

By Szarek's results in [31] . there is a family of unitary matrices {?7A}AeA in U{k) such that 

(i) {Ball{Ux]%\\ ■ IDIasa is a covering of and (ii) the cardinality of A, |A| < 

where C is a constant independent of k,uj. Thus from relationship between covering number 

(see Definition 2.2) and unitary orbit covering number (see Definition 2.3), we have 

.^^ j.^ log(z/2(ri^°^^(xi, . . . , Xn, /c, e. Pi, . . . , Pr), 3c^)) 

l0g(02(r2''^)(xi, . . . , X„, fc, 6, Pi, . . . , p.), ^) ■ {^f) 



< inf lim sup 

< 1 H - h .^|op(Xi, . . . , Xn) ■ - . 

log uo ^ — log UJ 



Now the result of the theorem follows directly from the definitions of the topological free entropy 
dimension and the topological orbit dimension, together with Remark 2.2, Remark 2.5 and the 
remark in Section 6 of [37j (or Proposition 5.1 in [18j ). 

□ 
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A direct consequence of the preceding lemma is the following theorem. 

Theorem 3.1. Suppose that A is a unital C -algebra and family of self-adjoint 

elements in A. Then 

6top{xi, ...,Xn)< max{J^J„^(xi, . . .,Xn), 1}. 

In particular, if 
then 

The following lemma will be needed in the proof of Theorem 3.2. 

Lemma 3.2. Let xi, . . . ,Xn,yi, ■ ■ ■ ,yp be self-adjoint elements in a unital C* -algebra A. If 
yi, . . . ,yp are in the C* subalgebra generated by xi, . . . ,Xn in A, then, for every u > 0, 

2^) < ^IZi 



Proof. It is a straightforward adaptation of the proof of Prop. 1.6 in [35] . Sup- 
pose that {Pr}'^i, and {Qs}'^i respectively, are families of noncommutative polynomials in 
C(Xi, . . . , Xn, Yi, . . . , Ym), and C(Xi, . . . , Xn) respectively, with rational coefficients. 

Given R > maxi<j<„ ||a;j|| + maxi<j<p \\yj\\, r,s eN and e > 0, we can find ri,Si G N and 
ei > 0, €2 > such that, for all G N, 

^H-^i' • • • 5 -^n'l ei, Qi, . . . , Qsi) ^ P/j . . . , Xn '■ Vi, ■ ■ ■ , yp] k, e. Pi, . . . , Pr) 

^^(-^l) ■ ■ ■ ) '■ Uli ■ ■ ■ 1 Up'i k, 62; -Pi; • • • ; Pri) ^ T/J ^^(^^l; • • • ; ^n] k, €, Qi, . . . , Q s) ■ 

Hence 

02(P^°^^(xi, ...,Xn; k,ei,Qi, . . . ,QsJ,4cj) < 02(P^''''^(xi, . . . ,Xn : yi, ■ ■ ■ ,yp; k,e,Pi, . . .,Pr),2uj) 
02{T^li°^\xi, ...,Xn:yi,...,yp;k, e2,Pi, . . . ,P^J,2u;) < 02{t'j^°^\xi, ...,Xn\ k,e,Qi, ... ,(5, 
for all a; > 0. Therefore, for all > 0, 

. r r \og{o2{T^R^\xi,...,Xn;k,euQi,...,QsjA^)) 
mi limsup 

ei>0,siGN k^ 

log(o2(P^"^^(xi, ...,Xn:yi,...,yp;k,e,Pi,...,Pr), 2uj)) _ 
nm sup 2 ; 

fc— >oo ft- 

and 

log(o2(Pj°^^(xi,...,x„ : |/i,...,?/p;A;,e2,Pi,...,Pr.J,2^)) 
ml limsup- 



e2>0,riGN fc^oo k"^ 

< limsup ^ 



log(o2(Pi^°^^( xi, ...,Xn; k,e,Qi, . . .,Qs),uj)) 

fc— >oo 



It follows that, for all u; > 0, 

. r y ^og{o2{T^R^\xi, . . . ,Xn;k,ei,Qi, . . . ,Qs,)Ai^)) 
ml limsup — 

ei>0,siGN ^ 

^ .f r ^og{o2{T^R^\xi,...,Xn:yi,...,yp;k,e,Pi,...,Pr),2u)) 
< mf limsup — ; 

e>0,reN fc_oo 

and 

■ r r ^og{o2{T''^°^\xi,...,Xn:yi,...,yp;k,e2,Pi,...,Pr,),2u;)) 
ml lim sup — 

e2>0,rieN j.^<3o 

^ ■ r r log(o2(rg°^^(a;i,...,x„;A;,e,Qi,...,Qs),w)) 
< mf limsup ^ — — ^ — — —. 

The rest follows from the definitions. □ 

3.1. Our next result shows that the topological orbit dimension is in fact a C*-algebra 
invariant. 

Theorem 3.2. Suppose that A is a unital O'-algebra and {xi, . . . , Xn}, {yi, ■ ■ ■ , yp} are two 
families of self-adjoint generators of A. Then 

•^op(^i) ■ ■ ■ ) ^n) — ^(^{yi: ■ ■ ■ 1 yp)- 

Proof. Note Xi, . . . ,Xn arc elements in A that generate ^4 as a C*-algebra. For every 
< a; < 1, there exists a family of noncommutative polynomials il^i{xi, . . . , 1 <i < p, such 
that 

p \ 1/2 

hi - 1pi{xi, ...,Xn)\ 

For such a family of polynomials ipi, . . . , ipp, and every it! > max{||xi||, . . . , ||yi||, . . . , ||yp||} 
there always exists a constant D > 1, depending only on R,ipi, ... ,ipn, such that 

\ 1/2 

^ . . . , A„) - i/jiiB^, . . . , S„) Wlj < D\\ {A,, ...,A^)- {B,, . . . , S„) ||2, 

for all {Ai,..., An), . . . , 5„) in MkiC)"", all keN, satisfying \\Aj\\, \\Bj\\ < R, for 1 < j < n. 

Suppose that {Prj^i, and {Qsj^i respectively, is the family of noncommutative polynomi- 
als in C{Yi, . . . ,Yp, Xi, . . . , Xn), and C{Xi, . . . , Xn) respectively, with rational coefficients. 

For any s > 1, e > 0, when r is sufficiently large, e' sufficiently small, every 

{Hi, . . . , Hp, Ai, . . . , An) 



m 



^il ^ ■ ■ ■ ' Vpi -^l-i ■ ■ ■ -I ■^n'l k, 6 , Pi, . . . , Pj.) 
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satisfies 



J2\\Hi-MAi,...,A, 



1/2 ^ 



,i=l 

and 

[Ai, . . . , An) € [xi, . . . ,Xn',k,e,Qi, . . . , Qs)- 
On the other hand, by the definition of the orbit covering number, we know there exists a set 

i^, II ■ ||2)}AeAfc of ~ 



{U{B^, ...,B^;^,\\- \\2)}xeAk of ^-orbit-|| ■ ||2-balls that cover t'--^°^\xi, . . . , /c, e, Qi, . . . , Qs 



with the cardinahty of satisfying |Afc| = 02{T^j^^\xi, . . . , x^, k,e,Qi, . . . , Qs), Thus for 

such (^41, . . . , An) in T^j^^\xi, . . . , a;„; k, e, Qi, . . . , Qs), there exists some A G and W ^U{k) 
such that 

II (Ai, . . . , A„) - (WB^W*, WB^W*)h < 

It follows that 

p \ 1/2 / p \ 1/2 



5^ ||if, - W^B^, B^)W*\\l ) = 1^5^ ||iJ, - ij,{WB^W*, WB^W*) \ 

1/2 / p 





it 




\i=l 




it w 




\i=l 

ij 





.1=1 



1/2 

Oi) 

+ 4 



for some A G A^ and W G W(A;), i.e., 

{H„...,Hp)eU{MBt...,B^),...,^^;p{B^,...,B^)■,'^). 
Hence, for given s G N and e > 0, when e' is small enough and r is large enough. 



02(r2°^^(yi, ...,yp:xi,.. .,Xn;k,e',Pi, ...,Pr),uJ 

AD 



< \Ak\ = 02{r'^R^\xi,...,Xn;k,e,Qi,...,Qs),^). 



It follows that 

.(top) 



.^^ log(o2(r}^ (l/i, ...,yp:xi,...,Xn;k, e'. Pi,..., Pr),^)) 

reN, e'>Ofe->oo fc^ 
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Therefore by the definition of the topological orbit dimension and Remark 2.5, we get 

^ .^^ log(o2(r^°''^(yi, ...,yp:xi,...,Xn; k,e',Pi, . . . ,P^),a;)) 

^ . r r iog{o2{T^R^\xi,...,Xn]k,e,Qi,...,Qs),^)) 
< mf hm sup 



>o,7eN '"k'Soo^ k"^ 

(2), 



where the last inequality follows from the fact that KiJp{xi^ . . . , Xn] cu) increases as u decreases. 
Thus, by Lemma 3.2, we get 

•^Lp(l/l) • • • ) Dp) — -^opl^l) • • • ) ^n)- 

Similarly, we have 

■^op(^l; • • • ; ^n) ^ ^opiUl^ • • • ; 

which completes the proof. □ 

A slight modification of the proof of Theorem 3.2 will show the following result. 

Theorem 3.3. Suppose that A is a unital C* -algebra with a family of self- adjoint generators 
yi, . . . ,yn- Suppose Ai, j = 1, 2, . . . is an increasing sequence of unital C* -subalgebras of A such 
that UjliAj is norm dense in A. Suppose Xi \ . . . ,Xn^ is a family of self-adjoint generators of 
•^j for j = 1, 2, . . .. Then 

^lliVi, ■■■,yp) < lim inf ^ill{x[^\ . . . , x^^^). 

Proof. Note W^iAi is norm dense in A and, for each j > 1, family of 

self-adjoint generators of Aj. For every < u < 1, there exist a positive integer j and a family 
of noncommutative polynomials ilji{xi \ . . . , Xn]), 1 < i < p, such that 

The rest of the proof is identical to the one of Theorem 3.2. □ 

3.2. Suppose ^ is a finitely generated unital C*-algebra and n is a positive integer. In this 
subsection, we are going to compute the topological orbit dimension in the unital C*-algebra 

A®Mn{C). 

Assume that {cst}" is a canonical system of matrix units in 7V1„(C) and In is the identity 
matrix of A1„(C). 

The following statement is an easy adaption of Lemma 2.3 in [2]. 
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Lemma 3.3 (Lemma 2.3 in [2j). For any e > 0, there is a constant 6 > so that the following 
holds: For any k eN, if {Est}^t=i is a family of elements in A^fc(C) satisfying: 

n 

\\Es^t^Es^t2 - Sus2Es-it2\\ < S, \\Es^tj - E*^^J < 5, \\^E,i - Ik\\ < 5, VI < si, S2, ti, ^2 < n 

1=1 

(where 5t^s2 ^■s 1 ifti = S2 and is ifti ^ S2), then (i) n\k; and (ii) there is some unitary matrix 
W in Mk{C) such that 

n 

J2 \\W*EstW -Ik/n®est\\<e. 

s,t=l 

Lemma 3.4. Suppose A is a unital C*-algebra generated by a family of self- adjoint elements 
xi,...,Xm- Suppose that {Pr}'^i, and {Qs}'^i respectively, is the family of noncommutative 
polynomials in C(Xi, . . . ,Xm, {Yst}^^^i), and C(Xi, . . . ,Xm) respectively, with rational coeffi- 
cients. 

Let R > maxjllxill, . . . , !}■ For any u; > 0, rg > and cq > 0, there are some r > 

and e > such that the following holds: if 

(Ai, . . . , A^, {^.t}r,t=i) G rg°^^(xi ® /„,..., x„ ® /„, {U ® e,t}lt=i, k, e, Pi, . . . , P.) ^ 0, 
then (i) n\k; (ii) there are a unitary matrix W in 7Vlfc(C) and 

(Bi, . . . , Bm) E ^■'(Xi, . . . , Xm, — , eo, Ql, . . . , Qro)- 

such that 

n m 

J2 \\W*EstW - h/n ® estW + -B,®In\\< uj. 

s,t=l i=l 

Proof. We will prove the result by using contradiction. Suppose, to the contrary, that the 
result of the lemma does not hold. There are a; > 0, ro G N, and eg > such that, for any 
r G N, there are fc,, G N and 

{A^;\ . . . , AM, {Et^}l,^,) G T%°''\x, ® /„,..., x„ ® /„, {I J, ® est}lt=,, K, 1/r, Pi, . . . , P,,) 7^ 0, 
satisfying either n f fc^, or if is a unitary matrix in A^jfc^(C) and 

k 

{Bi,...,Bm) G rji°^> {xi, . . . Qi,...,Qro)- (3.1) 

n 

then 

n m 

J2 \\W*Eil^W - h/n ® estW + W*A'^i^W -B,® > u. (3.2) 

s,t=l i=l 

Let 7 be a free ultra-filter in P(N) \ N. Let Y[r=i -^^^(C) be the C* algebra ultra-product of 
matrices algebras (7Wfcr(C))^i along the ultra-filter 7, i.e. Y[r=i -^fcr(C) is the quotient algebra 
of the C*-algebra UrMk^C^) by I^o, where = {{Yr)Zi e Ur-^kriC) \ lim,^^ = 0}. 
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Let ip be the ^-isomorphism from the C*-algebra A^Adni'C) into the C*-algebra YIl=i 
induced by the mapping 

7 7 
r=l r=l 

Thus {'?/'(/^ (S> esf)}"j^]^ is also a system of matrix units of a C*-subalgebra (^-isomorphic to 
M.n{^)) in W^l=i-^kr{'^)- By the preceding lemma, without loss of generality, we can assume 
that n\kr and there is a sequence of unitary matrices {PFrj^^i where is in Alfe^(C) such that 

[{EtX] = [iWr{hr/n ® est)W:)rl V 1 < s, t < n. (3.3) 

Note that 

[{4\m^^)r] = [{Ei^\][{At\], V 1 < ^ < m, 1 < s,t < n. 
Thus by (3.3), there are b[^\ . . . , Bm in A4fc^/„(C) for each r > 1 such that 

[{A^\] = [{Wr{Bl^^ ® In)W:U V 1 < i < m, 

which contradicts with our assumptions (3.1), (3.2) and (3.3). This completes the proof of the 
lemma. 

□ 

Now we are ready to prove the main result in this subsection. 

Theorem 3.4. Suppose that A is a unital C -algebra and n is a positive integer. Suppose 
that B = A® M.ni'^)- If xi-i ■ ■ ■ -iXrn is a family of self-adjoint generators of A and yi, . . . ,yp is 
a family of self-adjoint generators ofB, then 

•^op(yi) ■ ■ ■ ) Vp) — •^op(^l) ■ ■ ■ ) ^m)- 

Proof. Suppose that {Prj^^, and {Qsj'^i respectively, is a family of noncommutative 
polynomials in C{Xi, . . . , X^, {yst}" t=i)' ^^<i ^(Xi, . . . , Xj^) respectively, with rational coeffi- 
cients. 

Let R > max{||a;i||, . . . , For any a; > 0, ro > and eo > 0, by the preceding 

lemma, there is a r > such that, V A; G N, 

02{T^r''\xi (^In,...,Xm® 4, {I A ® est]lt=i. k, 1/r, Pi, ... , Pr, 2u;) 

< 02{T^R^\xi, ...,Xn;k, 1/ro, Ql, ■ ■ ■ , Qro,^)- 

Thus, 

® In, {Ia ® est}lt=^-, k, 1/r, Pi, ... , P„ 2a;)) 



inf lim sup 

< lim sup 



log(o2(r2°^^(a;i, ...,Xn]k,l/rQ,Qi,..., Qro,^)) 



k—^00 



A;2 
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So 

. ^ log(o2(r2''^^(a;i (g) /„,..., (g) 4, {/^ (g) Cstj'^t^i; k, 1/r, Pi, ... , P,., 2a;)) 
mr lim sup — ■ 

^ . r r log(o2(rg''^\xi, ...,a;„;A;, l/ro,(3i,...,(9ro,'^)) 
< mi limsup — . 

It follows easily that 

(g) 4, ■ ■ ■ , a^m ® 4, {-^^ «) est}lt=i) < -^5(^1' ■ ■ ■ ' ^m)- 
By Theorem 3.2, we have 

•^op(2/l) ■ ■ ■ ) Up) — -^opl^l) ■ ■ ■ ) ^m), 

where j/i, . . . , is a family of self- adjoint generators of B □ 
The following corollary follows directly from the preceding theorem. 

Corollary 3.1. Suppose that A is a unital C*-algehra with a family of self- adjoint gener- 
ators xi, . . . , Xm- Suppose that n is a positive integer and B = A® 7Wn(C). // 

•^op('^l) ■ ■ ■ ) ■^m) — 0, 

then 

^topiVi^ ■■■,yp) = and Stopivi, ...,yp)<l, 
where yi, . . . ,yp is any family of self-adjoint generators of B. 

Example 3.1. Suppose that family of self- adjoint generators of a full matrix 

algebra M-niC). Then 

^opip^l-i ■ ■ ■ ■> •^m) — 0- 

3.3. In this subsection, we assume that A and B are two unital C*-algebras and A^B 

is the orthogonal sum of A and B. We assume Xi, . . . , ,x„, or yi, . . . , ym, is a family of self- 
adjoint generators of A^ or B respectively. Suppose that {P,.}^;^, and {Qsj^i respectively, is 
the family of noncommutative polynomials in C(Xi, . . . , X„), and C(Fi, . . . , Ym) respectively, 
with rational coefficients. Suppose that {Sr}%,i is the family of noncommutative polynomials 
in C(Xi, . . . , Xn, Yi, . . . , Xm) with rational coefficients. 

Let R > max{||xi||, . . . , ||yi||, . . . , ||ym||} be a positive number. By the definition of 
topological orbit dimension, we have the following. 



Lemma 3.5. Let 



« > ...,Xn) and 13 > . . . , ym)- 
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(i) For each a; > 0, there is r^u) satisfying 

l0g(02(r2°^^(Xi, . . . , X„; fci, Pi, ... , Pr(a;)), t^)) 

limsup -"2 < a; 

log(o2(rg°^^(|/i, . . . , ?/^; fca, Qi, . . . , QrH), ^)) 
limsup -2 — — < p. 

(a) Therefore, for each uj > and r{uj) G N, there is some K{r{uj)) G N satisfying 

\og{o2{T^R°^\xi, ...,Xn; h, A, • • . ,Pr{uj)),(^)) < "/^i, V /ci > K{r{u))] 

log(o2(riJ''^^(?/i,...,?/„;/c2,^:^,Qi,---,QrH),^)) < Pkl, \/ k2> K{r{uj)). 

Lemma 3.6. Suppose that A and B are two unital C* algebras and Xi, . . . , Xn, or yi, . . . , y^ 
is a family of self-adjoint elements that generates A, or B respectively. 

Let R > max{||a:i||, . . . , ||a;„||, \\yi\\, ■ ■ ■ , \\ym\\} be a positive number. For any u > 0, vq E N, 
there is some t > so that the following holds: ^ r > t, \f k > 1, if 

(Xi, ...,Xn,Yi,...,Ym) e T^R°^\xi ® 0, ... ,Xn ® 0,0 ® yi, ... ,0 ® ym] k,^, Si, Sr), 
then there are ^ 

{Ai, . . . , An) G [Xi, . . . , Xn] ki, , Pi, . . . , Pro), 



(Pi, . . .,Bn,) G r55°^^(yi, ...,ym; k2, —,Ql, ■ ■ • ,Qro) 

r 



and U G h{{k) so that (i) ki + k2 = k; and (ii) 

II (Xi, ...,Xn,Yi,...,Yn,)-U*{Ai®0,...,An®0,0®Bi,...,0® Bm)U\\ < CO. 

Proof. The proof of this lemma is a slight modification of the one of Lemma 4.2 in [18 



□ 

Theorem 3.5. Suppose that A and B are unital C*-algebras with a family of self-adjoint 
generators Xi, . . . , x„, or yi, . . . ,ym respectively. Suppose V = A^ B is the orthogonal sum of 
A and B with a family of self-adjoint generators zi, . . . ,Zp. Then, 

•^Lp(^l5 • • • ) ^p) ^ ^topi^l^ • • • 5 ^n) + ^iopiUl^ • • • 5 Urn)- 

Proof. Recall that {Sr}'^i, {Pr}'^i, and {Qs}%i respectively, are the families of noncom- 
mutative polynomials in C(Xi, . . . , X„, Yi, . . . , X^), C(Xi, . . . , X„), and C{Yi, . . . , Y^) respec- 
tively, with rational coefficients. 

Let 

a > i^op(a;i, . . . , x„) and (3 > ^%{yi, ...,ym), 
and R > max{||xi||, . . . , ||a:n|||/i||, . . . , ||?/m||} be a positive number. By definition, the values 
of topological orbit dimension Kj-^ can only be — oo or > 0. Without loss of generality, we 
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can assume that a > and P > 0. By Lemma 3.5, for any o; > 0, there are r{u) G N and 
K{r{u;)) e N satisfying 

02{r^^'^\x,, . . . , x„; Pi, . . . , P.h), u;) < e"'", y h > K{r{u))- (3.4) 

02(rg°^Hyi, . . . , y^; ^2, Qi, . . . , g.H), ^) < e^'=^ V fc2 > i^(rM). (3.5) 

On the other hand, for each a; > and r{ijS) e N, it follows from Lemma 3.6 that there is some 
i e N so that V r > V A; > 1, if 

(Xi, . . . , Fi, . . . , r^) e T^r'\x^ ® 0, . . . , x„ © 0, ® yi, . . . , ® y^; /s, ^, 5i, . . . , 5,), 
then there are 

(Ai, . . . , An) G . . . , Xn] ki, , Pi, . . . , Pr„), 

(Pi,...,P„) e rg°^^(yi,...,y^;A;2, — ,Qi,---,Qr-^) 
and [/ &U{k) so that (i) ki + k2 = k; and (ii) 

||(Xi, . . . , Fi, . . . , - C/*(A ® 0, . . . , ^„ ® 0, ® Pi, . . . , ® P^)C/|| < ou. 
It follows that 

02(rg°^^(xi ® 0, . . . , x„ ® 0, ® yi, . . . , ® y^; /c, ^, 5i, . . . , 5"^), 3u;) 



- XI (o2{T^R^\xi,...,Xn]ki,^,Pi,...,PrJ,u;) 



02{T^R^\yi, ...,ym; k2, — , Qi, • • • , QrJ,i^) 



Let 



E+ E + E ] [02{^^^^\x^,...,Xr.■,k^,-,P^,...,PrJ,u;) 

ki=l ki=K{r{u>))+l ki=k-K(r{uj))) ^ 

• 02(r2°^^(yi,...,y,„;A;2,— ,Qi,---,<5r-<.),'^) ) (3.6) 



714;= max 02(rg''^^(xi,...,Xn;A;i,— ,Pi, ...,Pr„),u;) + l, 

l<fci<_ft:(r(aj)) 

^ ^, , 02(rg°^^(yi,...,y^;A;2, — ,Qi,---,<9r..),t^) + l 
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By (3.4) and (3.5), we know that 

(3.6) < K{r{uj))M^e^'''^ + K{r{uj))N^e''^' + {k - 2K{r{uj))) ■ (e"^'?+^'=' + 1) 

< K{r{uo))My''^ + K{r{uj))N^e''''' + 2k ■ e("+^)'=' 
<3^.e(«+/3)fc^^ 

when k is large enough. Now it is not hard to show that 

^fl{xi © 0, . . . , x„ © 0, © 2/1, . . . , © 2/^) < a + 
Thus, by Theorem 3.2, we have 

where zi, . . . ,Zp is any family of self-adjoint generators of ^ □ 
The following corollary follows directly from the preceding theorem. 

Corollary 3.2. Suppose that A and B are unital C* -algebras with a family of self-adjoint 
generators Xi, . . . , x„, and yi, . . . ,ym respectively. Suppose V = B is the orthogonal sum of 
A and B with a family of self-adjoint generators zi, . . . ,Zp. if 

then 

^llizi, ...,Zp) = and Stop{zi, ...,Zp)<l. 
By Example 3.1 and Corollary 3.2, we have the following result. 

Example 3.2. Suppose family of self- adjoint generators of a finite dimensional 

C*-algehra B. Then 

Remark 3.1. The result in the preceding example will be extended to the general case of a 
nuclear C* -algebra in Corollary 4-i- 

4. Orbit dimension capacity 

In this section, we are going to define the concept of "orbit dimension capacity" of n-tuple 
of elements in a unital C*-algebra, which is an analogue of "free dimension capacity" in [37] . 

4.1. Modified free orbit dimension in finite von Neumann algebras. Let be a 

von Neumann algebra with a tracial state r, and xi, . . . ,Xn be self-adjoint elements in Ai. For 
any positive R and e, and any m, k in N, let Tr{xi, . . . , m, k, e; r) be the subset of A4l''^{C)^ 
consisting of all {Ai, . . . , An) in 7W^'"(C)" such that maxi<j<,„ \\Aj\\ < R, and 

\n{Ai^ ■ ■ ■ AjJ - T{xi^ ■ --Xi^)] < e, 

for all 1 < ii, . . . ,iq < n, and 1 < q < m. 
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For any u > 0, let 02(Tr{xi, . . . , Xn', m, k, e; t),uj) be the minimal number of a;-orbit-|| • ||2- 
balls in A^fc(C)" that constitute a covering of Tji{xi, . . . , m, k, e; r). 
Now we define, successively, 

g(2). X ■ ( V \og{o2{TR{xi,...,Xn;m,k,e;r),cv)) 
[Xi, , . . . ,Xn',OLi;T) = sup mf hmsup -— 

R>0 m€N,e>0 

^\xi, , . . . ,Xn;T) = \imsupi^\xi,,...,Xn;uj;T), 

where ^\xi, . . . , x„; r) is called the modified free orbit- dimension of Xi, . . . , x„ with respect 
to the tracial state r. 

Remark 4.1. // the von Neumann algebra M. with a tracial state t is replaced by a unital 
C*-algebra A with a tracial state t, then ^\xi, . . . r) is still well-defined. 

From the previous definition, it follows directly our next result. 

Lemma 4.1. Suppose family of self- adjoint elements in a von Neumann algebra 

with a tracial state r. Let ^2{xi, ■ ■ ■ , Xn', t) be the upper orbit dimension o/xi, . . . , x„ defined in 
Definition 1 of \17\ . We have, if 

R2{xi, . . .,Xn; t) = 0, 

then 

4.2. Definition of orbit dimension capacity. We are are ready to give the definition of 
"orbit dimension capacity". 

Definition 4.1. Suppose that A is a unital C*-algebra and TS{A) is the set of all tracial 
states of A. Suppose that family of self-adjoint elements in A. Define 

, Xm T ) 

TdTSiA) 

to be the orbit dimension capacity of 

4.3. Topological orbit dimension is majorized by orbit dimension capacity. We 

have the following relationship between topological orbit dimension and orbit dimension capacity. 

Theorem 4.1. Suppose that A is a unital C* -algebra and family of self- adjoint 

elements in A. Then 

Proof. The proof is a slight modification of the one in section 3 of [37j . For the sake of 
the completeness, we also include Voiculescu's arguments here. 

(2) 

If Kj.'{xi, . . . , Xn) = — oo, there is nothing to prove. We might assume that 



(2) 

Kiopixi, . . . ,Xn) > a > -oo. 
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We will show that 

^f\xi, . . . ,Xn) ~ sup ^\xi, . . . ,Xn;T) > a. 

TeTS{A) 

Let {Pr}^ibe a family of noncommutative polynomials in C{Xi, . . . , X„) with rational co- 
efficients. Let R > max{||xi||, . . . , ||a^n||}- Ftom the assumption that ^^^(xi, . . . ,Xn) > a, it 
follows that there exist a positive number cuq > and a sequence of positive integers {kq}'^i 
with fci < /c2 < • • • , so that for some a' > a, 

\og{o2{T^R^\xi,...,Xn;kq,l,Pi,...,Pq),u;o)) 
lim — > a . 

Let A{n) be the universal unital C*-algebra generated by sclf-adjoint elements ai, . . . , a„ of 
norm R, that is the unital full free product of n copies of C[—R, R\. A microstate 

r7 = (Ai,...,A„) erg°^)(xi,...,x„;A;„^,Pi,...,P,) = r(g) 

defines a unital *-homomorphism ipr, '■ A{n) — > 7Wfeg(C) so that ipriidi) = ^ i ^ n.) and a 
tracial state r^, G TS{A{n)) with 

Trkg o -0^ 



kq 



Similarly there is a *-homomorphism ip : A{n) — > ^ so that ip{ai) = Xi, for 1 < i < n. 
It is not hard to see that the weak topology on f2 = TS{A{n)) is induced by the metric 

oo 

s=l {h,...,is)e{{l,...,n})' 

Therefore, Q is a compact metric space and 

Kq^{Tr,en\r)e r{q)} 

is a compact subset of because — > is continuous and r(g) is compact. Let further K 
denote the compact subset {TS{A)) o i/j. 

Given e > 0, from the fact that fl is compact it follows that there is some L(e) > so that 
for each ^ > 1, 

Kq^KluK^qU---U Ki^'^ 
where each compact set has diameter < e. Let 

r(g,j) = {^er(g) | r.eK^q}. 

We have 

r(g) = r(g,i)u---ur(g,L(6)). 

Let further r'{q) denote some T{q,j) such that 

/w/ X X ^ 02{T{q),uJo) 
02(r {q),LJo) > ^-^ . 
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Thus we have 



\og02{T'{q),uJo) , 
hm — > a . 



Given e successively the values 1, 1/2, 1/3, . . . , 1/s, . . ., we can find a subsequence 
such that the chosen set K^=^ C Kg^ has diameter < ^ and the corresponding set T'{qs) satisfying 

\og02{T'{q,),uJo) ^ , 
hm — > a . 

s^oo 

Without loss of generality, we can assume that r is the weak limit of some sequence (T^(q^))^i. 
Then r & K. In fact, 

|r(Q(ai, . . . ,a„))| = lim |r^(g,)((5(ai, • • • ,an))| 

< limsup ||^^(g^)((5(ai, . . . ,a„))|| 

s—*oo 

< lim(- + ||g(xi,... 

5 -^n )\\) 

s— >oo S 

= ||g(a;i,...,x„)|| 
= ||V(Q(ai,...,a„))||. 

Now it follows from the density of the polynomials Q in A{n) that t & K. 

We can further assume that there is a subsequence {qs{t)}t^i of {qs}'^i so that the chosen 

set -ft'g^'*' C -ft'g^jjj is C B{t, 1/t), the ball of radius 1/t and center r. Therefore, for any m G N 
and e > 0, we have 

r'(gs(t)) C rB(xi,...,x„;/Cg^(^j,m,e;r) 
when t is large enough. Thus 



- ■ ■ ,Xn]r) > jif\xi,...,Xn;uJo;T) > lim ^"S 02(r (g^(f)), ^o) ^ ^, 
and hence 



•^^2 ^(-^l) • • • 5 ■^n) — sup ^(-^1) ■ ■ ■ } ■^n] t) ^ ^iopi-^lj ■ ■ ■ j ^n)- 

TeTS{A) 



□ 



4.4. Nuclear C*-algebras. Recall the definition of approximation property of a unital 
C*-algebra in [18j as follows. 

Definition 4.2. Suppose A is a unital C* algebra and family of self- adjoint 

elements of A that generates A as a C* -algebra. Let {Pr}%,ibe a family of noncommutative 
polynomials in C(Xi, . . . with rational coefficients. If for any R > max{||xi||, . . . , 
r > 0, e > 0, there is a sequence of positive integers ki < k2 < ■ ■ ■ such that 

rg''^) (Xi, . . . , Xn, fc„ e. Pi, . . . , Pr) ^0, V S > 1 

then A is called having approximation property. 
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Now we can compute the topological free entropy dimension of a family of self-adjoint gen- 
erators in a unital nuclear C*-algebra. 

Corollary 4.1. Suppose A is a unital nuclear C*-algebra with a family of self-adjoint 
generators Xi, . . . ,x„. If A has the approximation property in the sense of Definition 4-2, then 

(2) 

) = and 6top{xi, . . . , x„) < 1. 

Proof. It is known that every representation of a nuclear C*-algebra yields an injective von 
Neumann algebra. From Lemma 4.1 and Theorem 2 in |17j . it follows that 

Rf\x,,...,Xn,r) = 0, \^TeTS{A), 
where TS{A) is the set of all tracial states of A. Then, by Theorem 4.1 we know that 

By Theorem 3.1, 

^topi^i, . . . , Xn) < 1- 

□ 

Remark 4.2. By [1] (see also Theorem 5.2 in Appendix) , we know that a nuclear C-algehra 
A has the approximation property in the sense of Definition 4-2 if and only if A is an NF algebra 
with a finite family of generators. Thus Corollary 4-1 can he restated as the following: If A is 
an NF algebra with a family of self-adjoint generators xi, . . . , Xn- Then 

^\Jp{xi, . . . , x„) = and 6tap{xi, . . . , x„) < 1. 

4.5. Tensor products. In this subsection, we are going to prove the following result. 

Corollary 4.2. Suppose that Bi and B2 are two unital C*-algebras and Ai, A2 with 1 G 
.Ai C 1 G ^2 ^ -62 are infinite dimensional, unital, simple C*-subalgebras with a unique 
tracial state. Suppose that B = Bi®i, B2 is the C* -tensor product of Bi and B2 with respect to 
a cross norm \\ ■ \\^. If B has the approximation property in the sense of Definition 4-2, then 

^opi-^ii • • ■ 1 Xn) — and ^topixi., . . . , x^) = 1, 
where xi, . . . ,Xn is any family of self-adjoint generators of B. 

Proof. Assume that r is a tracial state of B and Ti. is the Hilbert L'^{B,t). Let be the 
GNS representation of B on Ti. Note that Ai,A2 are infinite dimensional, unital simple C*- 
algebras with a unique tracial state. It is not hard to see that both ^'(-^1) ^'(-^2) generate 
diffuse finite von Neumann algebras on H. Thus both ip{Bi) and ip{B2) generate diffuse finite 
von Neumann algebras on Ti. Moreover, ip{Bi) and ip{B2) commute with each other. Thus, by 
Corollary 4 in [17], we have that 

^2{i^{xi),...,ip{xn);r) = 0, 
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where A2{4'{xi), . . . , 'ipixn)', t) is the upper free orbit dimension of ip{xi), . . . , ipi^Xn) (with respect 
to r) defined in jl7j . By Lemma 3.1, we have 



Example 4.1. Assume that A is a finite generated unital C* -algebra with the approximation 
property in the sense of Definition 4-2. By Theorem 5.2, Theorem 5.4 in Appendix and Proposi- 
tion 3.1 in [20], we know that (C*(F2) *c-^) ®minC*{F2) has the approximation property, where 
C*{F2) is the reduced C* -algebra of free group F2 . Thus, by Corollary 4-2, we know that, for 
any family of self-adjoint generators xi, . . . , x„ of {C*{F2) *c -A) ®min C*{F2), 



Similar argument as the preceding corollary shows the following result. 

Corollary 4.3. Suppose that Bi is a unital C*-algebra and B2 is an infinite dimension, 
unital simple C* -algebra with a unique tracial state r. Suppose that B = Bi®yB2 is the C* -tensor 
product of Bi and B2 with respect to a cross norm \\ ■ Suppose that zi, . . . ,Zp is a family of 
self-adjoint generators of B2 and family of self-adjoint generators ofB. If B has 

the approximation property in the sense of Definition 4-2 and .^2^''(zi, . . . ,Zp]T) = 0, then 



Example 4.2. Assume that A is a UHF algebra, or an irrational rotation algebra, or 
C*{F2) ®min C*{F2) and B is a finitely generated unital C* — algebra with the approximation 
property in the sense of Definition 4-2. Then, by [1] or |20j . A®min ^ has the approximation 
property. Suppose that family of self-adjoint generators of A 0mm Then 




□ 



^topi^Xl, . . . ; Xji) 1. 



^opi^i, . . . , x„) = and 5tapixi, . . . , 



Xn) = 1- 



hop \Xi , . . . , Xfi 
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Example 4.3. By Theorem 3.1 of [20], C*{F2) ®max {C*{F2) ®niinC;{F2)) has the approxi- 
mation property, where C*{F2) is the full O'-algebra of the free group F2. Suppose that Xi, . . . ,Xn 
is a family of self-adjoint generators of C*{F2) ®max (C*(-^2) ®min C*{F2)). Then 

4.6. Crossed products. In this subsection, we are going to prove the following result. 

Corollary 4.4. Suppose that A is an infinite dimensional unital simple C*-algebra with 
a unique tracial state r. Suppose G is a countable group of actions {ttgl^ec on A. Suppose 
that V = A >i G is either full or reduced crossed product of A by the actions of G. Suppose 
that zi, . . . ,Zp is a family of self-adjoint generators of A and xi, . . . ,Xn is a family of self- 
adjoint generators ofD. IfD has the approximation property in the sense of Definition 4-2 and 
^\zi, . . . ,Zp]T) =0, then 

^Jp{xi, . . . , x„) = and Stop{xi, . . . , x„) = 1. 

Proof. Assume that ri is a tracial state of V and Ti. is the Hilbert L'^{'D, ri). Let be the 
GNS representation of T> on Ti. Note that A an infinite dimensional unital simple C*-algebra 
with a unique tracial state r. Thus ri|_4 = r. It is not hard to see that ip{A) generates a diffuse 
finite von Neumann algebra on Ti. Moreover, for any g ^ G, 

i;ig-')i;iA)i;{g) C ^(^). 

It follows from the fact that (-^i? • • • ? 2;^; r) =0 and Theorem 4 in |17j . that 

J^f (V'(xi),...,^(a;„);n) = 0. 

Since ri is an arbitrary tracial state of V, we have 

By Theorem 3.1, we have 

^topi-^lj ■ ■ ■ } ■^n) — 0. 

Therefore, 

6top{xi, . . . < 1. 
On the other hand, a consequence of Theorem 5.2 in [18] says that 

if V has approximation property in the sense of Definition 4.2. Hence 

•^topl-^l; ■ ■ ■ ) •^n) = and Stop{Xi, . . . , Xn) = 1, 

where xi, . . . , x„ is any family of self-adjoint generators of V. □ 
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Example 4.4. Let C*{F2) ®min C*{F2) he the reduced C*-algebra of the group F2 x F2. Let 
Ui,U2, or Vi,V2 respectively, be the canonical unitary generators of the left copy, or the right 
copy respectively, of C*{F2) and < 6 < 1 be a positive number. Let a be a homomorphism 
from Z into Aut{C*{F2) ®rnin C*{F2)) induced by the following mapping: V n G Z, j = 1, 2 

a{n){uj) = e^^'^^-'uj and a{n){vj) = e^'^^^-'vj. 

Then, by Theorem 4-3 of |20] . (C*(F2) (S>mm C*(-^2)) Xq ^ has the approximation property. 
Therefore, by Corollary 4-4> '^^ have 

where xi, . . . ,Xn is any family of self-adjoint generators of {C*{F2) ®min C*(-^2)) Xq ^■ 
5. Topological free entropy dimension in full free products of unital C*-algebras 

Assume that {^j}™^ (m > 2) is a family of unital C*-algebras. Recall the definition of 
unital full free product of ^1, ... , Am as follows. 

Definition 5.1. The unital full free product of the unital C* -algebras {Ai\'^i (m > 2) is 
a unital C* -algebra T> equipped with unital embedding {cTj : Ai V}^^, such that (i) the 
set U^iCTj(^j) is norm dense in T>; and (ii) if (pi is a unital *- homomorphism from Ai into a 
unital C* -algebra V for i = 1,2, . . . ,m, then there is a unital *-homomorphisms ip from V to V 
satisfying (pi = ip o ai, for i = 1,2, . . . ,m. 

In this section, for a family of positive integer ui, . . . ,nm, we will let {-^]*^}i<i<m;i<i<ni be 
a family of indeterminates and {P^j^^i be a family of noncommutative polynomials in C(xj*^ : 
l<'i<m;l<j< Ui) with rational coefficients. For each 1 < i < m and j > 1, let Pj^^ be a 
polynomial in x[^\ . . . , Xn} defined by: 

i^^H^?,---,^£^) = i^(o,...,o,x«,...,x»,o,...,o). 

Lemma 5.1. Suppose {Ai}™^i (m > 2) is a family of unital C* -algebras and T> is the unital 
full free product of the C* -algebras {Ai}'^i equipped with the unital embedding {ai : Ai V}^-^. 
Suppose {x^j^}^^-^ is a family of self- adjoint generators of Ai for 1 < i <m. Then 

m 
i=l 

Proof. Let R > maxi<j<„ i<j<„. ||a;^*''|| be a positive number. For any r G N and e > 0, 
there is a positive integer ri such that 

T^n'\a,ix^^^),...,a^ixS),...,aUx^^^),...,aUx^Z!y^k^ 

c r(J°^)(ai(x«), . . . , a,{xS); k, e, P«, . . . , P«)© 

■ ■ ■ © rg°^)(a^^(4"^ • • • , crUxt^, k, e, P[-\ pM) 

l-^l y ■ ■ ■ y Xj^^ , rv, t, ,...,r^ )w W i ^ {X^ , . . . , , ft., t, -Tj^ , . . . , -T^ ), 
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where 

Pf ((7,(x?), . . . , ai{x^)) = Pj{0, . . . , 0, ai{x?), 0, . . . , 0), l<j <r,l<t<m. 
By the definition of topological free entropy dimension, we get that 

m 
i=l 

□ 

5.1. Suppose that ^ is a unital C*-algebra and Xi, . . . , ,t„ is a family of sclf-adjoint elements 
in A. Recall Voiculcscu's semi-microstatcs as follows. Suppose that {QrjJ^i is a family of 
noncommutative polynomials in C(Xi, . . . , X„) with rational coefficients. Let R,e > 0, r,k ^N. 
Define 

(-^1) ■ ■ ■ ) Xm k, 6, Qi, ■ ■ ■ ) Qr) 

to be the subset of (A^^'^(C))"' consisting of all these 

{A„ . . . , A^) e {MriQr 

satisfying 

max{\\Ai\\,...,\\An\\} <R 

and 

\\Qj{A,,...,A^)\\ < ||g,(xi,...,x„)||+e, Vl<j <r. 
It is easy to see that 

^ (-^1 ) ■ ■ ■ ) Xn'i k, 6, Qi, . . . , Qr) ^ T/j ^ ^ {xi, ■ ■ ■ , Xji] k, 6, Qi, . . . , Qr)- 

Lemma 5.2. Suppose {Ai}^i (m > 2) is a family of unital C* -algebras and V is the full 
free product of the unital C* -algebras {Ai}^i equipped with the unital embedding {cTj : Ai — > 
"D}^!- Suppose {x^j^y^^i is a family of self-adjoint generators of Ai for 1 < i < m. Let 

R > max{||x^*^||, l<i<m, l<j< rij} be a positive number. For any ro G N and eo > 0, 
there are ri e N and ei > such that, for any k if 

iA?,...,A<S)er'^'/'^{x?,...,xS;k,e„Pi^,...,P^), for l<i<m, 
where . . . , Pr*^ is defined as in Lemma 5.1, then 
y/i.]^ ,.. ., , . . . , , . . . , ) 

e T%^'l'\a,{x^^l . . . , • • • , a^ix^r^l . . . , k, eo, Pi, ... , P.J. 

Proof. We will prove the result by using the contradiction. Suppose, to the contrary, the 
result does not hold. Then there are some ro G N and eo > so that the following holds: 
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for any r G N, there are kj. G N and 

( , . . . , A!^f^ ) G ri^'^^/^) (x« , . . . , x» ; fc., l/r, Pf ^ . . . , i^^) ) , for 1 < z < m, 
satisfying 

( aC^'^) Aihr) Am,r) A{m,r)\ 

^rg°^^/')(ai(xS'^...,ai(x«),---,a^^(xS'"^...,a^(xS (5.1) 

Let 7 be a free ultra-filter in P{N) \ N. Let Y[r=i -^fcr('C) be the C* algebra ultra-product of 
matrices algebras {A4k^{C))'^i along the ultra-filter 7, i.e. Y[r=i -M-kriC) is the quotient algebra 

oftheunitalC*-algebranr-^fc.(C) by Joo, where Joo = {{Yr)Zi e Ur-^kM I limr^7 ll^r|| = 
0}. 

Let (f)i be the unital *-homomorphism from the C*-algebra Ai into the C*-algebra Y[J=i ■^kri'^)^ 
induced by the mapping 

xf ^ G n Mk^iC), V 1 < J < n„ 

r=l 

where [(Aj*'^'')^] is the image of {A^j''^^)'^^ in the quotient algebra Ylr=i-^kri'C)- 

By the definition of full free product, we know that there is a unital *-homomorphism ijj 
from V into Y[r=i -^a.v(C) so that (pi = ip o ai. Hence, 

lim||P,(4^-\...,4\'^),...,4"^-),...,4r^)|| 

< ||P*(ai(xS^)), . . . , . . . , a„(xS"^)), . . . , V 1 < t < tq. 

This contradicts with the fact (5.1). This completes the proof of the lemma. □ 

Recall the definition of a stable family of elements in a unital C*-algebra in [19] as follows. 

Definition 5.2. Suppose that A is a unital C*-algebra and family of self- 

adjoint elements in A. Suppose that {Qr}'^i is a family of noncommutative polynomials in 
C(Xi, . . . , Xn) with rational coefficients. The family of elements xi, . . . ,Xn is called stable if for 
any a < Stop{xi, . . . , x„) there are positive numbers R,C > and uq > 0, tq > 1, A;o > 1 so that 

Uoc{r^°''\xi, . . . , a;,; g- fco, -, Qi, . . . , Q.), a;) > C^^'"")' ( - j , V < a; < ^0, r > ro, g G N. 

Example 5.1. Any family of self-adjoint generators Xi, . . . ,Xn of a finite dimensional C*- 
algebra is stable. A self-adjoint element x in a unital C*-algebra is stable, (see [19j j 

5.2. Main result in this section. Now we are ready to show the additivity of topological 
free entropy dimension in the full free products of some unital C*-algebras. In this subsection, 
we will use the following notation. 
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Notation 5.1. Suppose that A e Mkj^{C) and B e Mk^i!^)- We denote the element 

/A \ 

hy A®B. 

The concept of MF algebras was introduced by Blackadar and Kirchberg in It plays an 
important role in the classification of C*-algebras and it is connected to the question whether 
the extension, in the sense of Brown, Douglas and Fillmore, of a unital C*-algebra is a group 
(see the striking result of Haagerup and Thorb0rnsen on Ext{C*{F2)). 

The following result, which follows directly from Theorem 5.2 in the Appendix, shows that 
Voiculescu's topological free entropy dimension is well defined on a finite generated unital MF 
algebras. 

Lemma 5.3. Suppose that A is a finitely generated unital Blackadar and Kirchberg's MF 
C*-algehra. Then A has the approximation property in the sense of Definition 4-2. 

Now we are ready to prove our main result in this section. 

Theorem 5.1. Suppose that {Ai}^i (m > 2) is a family of unital C* -algebras. Suppose that 
I is a family of self-adjoint generators of Ai for i — 1,2, ... ,m. Suppose {x^j'^}^^-^^ is a 
stable family in the sense of Definition 5.2 for 1 < i < m. Let the unital C*-algebra T> be the 
full free product of {Ai}'^^ equipped with the unital embedding {ai : Ai T>}^^. Then 

m 

. . . , . . . , a^{x'r^), . . . , a^(xS)) = . . . , xg). 

i=l 

If we identify each xj'^ in Ai with its image in V when no confusion arises, then 

m 

; • • • ; -^ni i • • • t^I i • • • i -^rim ) / j ^top\->^\ ; • • • ; -^n^ )• 

i=l 

Proof. By Lemma 5.1, we need only to prove that 

m 

1=1 

Let R > ma.xi<i<n,i<j<ni \\x^j^\\ be a positive number. Since for all 1 < i < m, is a 

stable family in the sense of Definition 5.2, each Ai is a unital MF C* algebras. By Theorem 
5.4 in the appendix, the full free product V is also an unital MF C*-algebra. By Lemma 5.3, it 
follows that for any Tq G N , there is some & N so that 

rg°"Vi(4'^), . . . , . . . , amixt^^), . . . , amixS)-^ ko, 1/ro, Pi, ... , P.J ^ 0. 

Note that for all 1 < i < m, {x^*^}"!]^ is a stable family. By Definition 5.2, for all 

tti < 5top(a;P, . . • ,2;^), z = 1,2, . . . ,m. 
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there are positive numbers C > and uiq > 0, ri > ro, /ci > 1 so that 



1 / 1 \ "i-C"?-*;!)" 

v^{V%^\xf, ...,xS;q-h,^, Pf\ P«), > C(^-^^)^ (^i^J , (5.2) 

for < u; < ujq, r > ri, g G N, and 1 < i < m. 

By Lemma 5.2, when r is large enough, for all g G N we have that if 

( Ai^) 4(1) 4M 4M^ 

G rg^^Viri'^ ■ ■ ■ , ■ ■ ■ , '^^(^i'"^ ■ ■ ■ , ^m(xS); ^0, l/ro, Pi, ... , P.o) (5.3) 

and 

(B?, . . . , S«) G rg''^^/^)(x?, . . . , g^i, e, P«, . . . , P«), for 1 < i < m, (5.4) 

then 

{A? © . . . , A« © . . . , © . . . , A^J © i?t)) 

G rg°^Vi(^S'^ . . . , ai(a;«), . . . , a„(xS"^)), . . . , a^(4^ ); ^0 + qh, l/ro, A, . . . , P.o)- (5.5) 
On the other hand, by (5.2), for < a; < a;o/2, r large enough, 

^oo(rg°^'/')(x«, . . . , xS;qku l/r, P«, . . . , P»), 2u;) 

> u^{T^i"'\xf\ ...,xS; qh, I, P«, . . . , P«), 2a;) 

\ Qi-(<J-fcl)2 

— j , VgGN. (5.6) 

Hence by the relationship between packing number and covering number, we know there is a 
family of elements 

{{Bi'^\...,Bi>:^^)},,,^,Gr^^^^^^^ for l<i<m, (5.7) 
where Aj is an index set satisfying 

2^) ; (5.8) 

and 

\\iB['^ . . . , B^^) - iB['^\ Eg')) II > 0;, V A, ^ A, G A.. (5.9) 
Thus, combining (5.3), (5.4), (5.5), (5.7), (5.8) and (5.9) we have 

^oo(rg''^Vl(^!'^ ■ ■ ■ M^^n}). (Tmix'r^), (Tm{xSy,k0 + qh, l/vo, Pi, ... , Pj,U;) 



■III in / / 1 \ \ 
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This induces that 

m 
1=1 

whence 



i=l 

By Lemma 5.1, we get 

m 
i=l 

Or 



utop\-^l ; • • • ; 5 • • • ; -^1 ; • • • ; -^n^ J ~ / ^ ^top\-^l j ■ ■ ■ j -^m )i 

i=l 

when no confusion arises. □ 



As a corollary, we have the following result. 

Corollary 5.1. Suppose that Ai (i = 1,2, ... ,m) is a unital C* algebra generated by a 
self-adjoint element Xi in Ai- Let V be the full free product of Ai, . . . An equipped with unital 
embedding from each Ai into T>. Identify the element Xi in Ai with its image in T>. Then 



n '^1 



Hi 

i=l i=l * 



where rii is the number of elements in the spectrum of Xi in Ai. (We use the notation l/oo = 0^ 
Proof. It follows from Example 5.1, Theorem 5.1 and the results in [ 18j . □ 
Corollary 5.2. Suppose that Ai is a finite dimensional C'-algebra generated by a family 



of self-adjoint element {a^j*^}i<j<ni for 1 < i < n. Let V be the full free product of Ai, . . .An 



equipped with unital embedding from each Ai into T>. Identify the element {xj'^} in Ai with its 
image in V. Then 

n ^ \ 

5top{{xf}l<j<n„l<i<n) = ^^Stop{{x''f}l<j<n,) = " X] A.' 

i=l i=l * 

where dirricAi is the complex dimension of Ai. 

Proof. It follows from Example 5.1 , Theorem 5.1 and the results in |19j . □ 
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Appendix: Full Free Product of Unital MF C*-algebras 

is MF Algebra 

The concept of MF algebras was introduced by Blackadar and Kirchberg in [Ij. This class 
of C*-algebras is of interest for many reasons. For example, it plays an important role in the 
classification of C*-algebras and it is connected to the question whether the extension semigroup, 
in the sense of Brown, Douglas and Fillmore, of a unital C*-algebra is a group (see the striking 
result of Haagerup and Thorb0rnsen on Ext{C*{F2)). Thanks to Voiculescu's result in [32j, we 
know that every quasidigonal C*-algebra is an MF algebra. Many properties of MF algebras 
have been discussed in p^J. For example, it was shown there that the inductive limit of MF 
algebras is an MF algebra and every subalgebra of an MF algebra is an MF algebra. In this 
appendix, we will prove that unital full free product of two unital separable MF algebras is, 
again, an MF algebra. 

Let us fix notation first. We always assume that ?^ is a separable complex Hilbert space and 
B{T-C) is the set of all bounded operators on H. Suppose {x,Xk}'kLi is a family of elements in 
B{H). We say — x in *-SOT (*-strong operator topology) if and only if — x in SOT and 
xl X* in SOT. Suppose {xi, . . . , x„} and {x^'^^ . . . , xl'^^}^^ are families of elements in B{H). 
We say 

(x^'^'', . . . , x^'^^) -H> (xi, . . . , x^), m * —SOT, as k oo 

if and only if 

Xi in * —SOT, as k ^ oo, \/ 1 < i < n. 

Suppose {^fcjfcli is a family of unital C*-algebras. Let Yl-^k be C*-direct product of the 
Ak, i.e. the set of bounded sequences {xk)'^^i, with Xk G Ak, with pointwise operations and 
sup norm; and let J2 -^k be the C*-direct sum, the set of sequences converging to zero in norm. 
Then Jl^fc is a C*-algebra and ^^fc is a closed two-sided ideal; let vr be the quotient map 
from Yl-^k to n-^fc/Xl-^A:- Then H-^fc/^-^fc is a unital C*-algebra. If we denote 7i{{xk)'kLi) 
by [ixk)k] for any (xfc)^i in HA, then 

= limsup ||xfc||. 

fc^oo 

Suppose ^ is a separable unital C*-algebra on a Hilbert space TC. Let TC°° = (Bn'H, and for 
any x & A, let x°^ be the element (BfijX = (x, x,x, . . .) in n^^''^ C where is the 

k-th copy of A. 

Suppose ^ is a separable unital C*-algebra and TVi : A ^ B(Hi) are unital *-representations 
for 2 = 1, 2. If there is a unitary U : Hi ^ 0.2, n = 1,2, ■ ■ ■ , satisfying 

U*1T2{x)U = TViix), y X e A, 

then we say that tti and tt2 are unitarily equivalent, which is denoted by vti '^2- Furthermore, 
if A is generated by a family of self-adjoint elements {xi, . . . , Xn}, then tti will also be 
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denoted by 

(7ri(a;i ),..., 7ri(a;„)) w„ (7r2(xi), . . . , 7r2(x„)). 

Suppose ^ is a separable unital C*-algebra and tt^ : ^ — > B{Ti.i) are unital *-representations 
for i = 1, 2. If there is a sequence of unitaries Un '■ Ti.i ^ Ti.2, n — 1,2, ■■■ , satisfying 

||C/*7r2(x)C/„ — 7ri(a;)|| — > 0, as n — > oo, \/ x & A, 

then we say that tti and 7r2 are approximately unitarily equivalent, which is denoted by tti ~(j 7r2. 
Recall the following important result by Voiculescu: 

Lemma 5.4. Let A be a separable unital C*-algebra and tTj : ^ — > B{T-Ci) be unital faithful 
* -representations for i = 1,2 satisfying ni{A) fl /C(7ii) = for i — 1,2, where /C(7ij) is the set 
of compact operators on Hi. Then tti ~a TT2- 

The following lemma will be needed in the proof of Theorem 5.2. 

Lemma 5.5. Suppose that Tii and 7^2 are two separable infinite dimensional complex Hilbert 
spaces. Let {e„}^]^ be an orthonormal basis of Hi and be an orthonormal basis ofH2- 

(Thus {e„ © 0, © fm}m,n=i '^^ orthonormal basis of Hi © H2)- Let 



^^{c d) ^BiHi®H2), 



where A e B{Hi),B e B{H2,Hi),C e B{Hi,H2) and D e B{H2). Assume {t/n}~=i is a family 
of unitary operators from H2 to Hi © H2 so that 

Un{fi)=0®fi, Wl<i<n. 
Then the following statements are true: 

(a) U*TUn D in the weak operator topology. 

(b) If B = and C = 0, then U*TUn D in the ^-strong operator topology. 

Proof. It is an easy exercise. □ 

The following results gives some equivalent definitions of an MF algebra. 

Theorem 5.2. Suppose that A is a unital C'-algebra generated by a family of self- adjoint 
elements A. Then the following are equivalent: 

(1) A is an MF algebra, i.e. there is a unital embedding from A into M.nk (*^) / S •^^^('C) 
for a sequence of positive integers {nk}^=i. 

(2) A has approximation property in the sense of Definition 4-2; 

(3) There are a sequence of positive integers {mk\'kLi o,nd self-adjoint matrices A^^\ . . . , An'' 
in M'^liC) for k = 1,2, . . ., such that 

hm \\P{Af\ = \\P(xi, ...,Xn)\\,y Pe C{Xi, ...,Xn), 

fe— >oo 

where C(Xi, . . . , X„) is the set of all noncommutative polynomials in the indeterminates 
Xi, . . . , Xn- 



32 

(4) Suppose 7T : A ^ BiTi) is a faithful * -representation of A on an infinite dimen- 
sional separable complex Hilbert space Ti. Then there are a sequence of positive integers 
{rrik}'^^-^, families of self-adjoint matrices {^i'^'', • • • , An"^} in M.^^{C) for k = 1,2, . . ., 
and unitary operators Uk '■'H ^ [£jnk"^°° k = 1,2, . . ., such that 
(a) 

lim \\P{A['\ = ||P(xi, . . . , V P G C(Xi, . . . , X„); 

fe— >oo 

(b) 

U; (Af ^)°° Uk 7i{xi) in * -SOT as k ^ oo, forl<i<n, 

where (^f = ^ © ^ © ^ ■ ■ ■ G P((C'"^)°°). 

Proof. (1) (2) <^=> (3) are directly from Theorem 3.2.2 in [1], Definition 5.3 and Lemma 
5.6 in |18] . (4) =^ (3) is trivial. We need only to prove (3) =^ (4). 

Let {Pr}'^i be the collection of all noncommutative polynomials in C(Xi,...,X„) with 
rational complex coefficients. Let {^^15^1 be a dense subset of the unit ball in Ti. To show that 
(3) =^ (4), we need only to prove the following: Let tt : A ^ BilH) he a faithful * -representation 
of A on an infinite dimensional separable complex Hilbert space Ti. For any positive integer k, 
there are a positive integer nik, a family of self-adjoint matrices {A^^\ . . . ,An^} in M.^^{C), 
and a unitary operator Uk '■'H ^ (C™'=)°^, such that 

(a) 

\\\Pr{A^^\ . . . , - \\Pr{xi, . . . , x.)|| I < p V 1 < r < A;; 

(b) 

\\Ul {AfY Uk-^r- 7r(x,) • erll < p forl<i<n,l<r<k. 

Assume that (3) is true. Thus there are a sequence of positive integers {ts}^i and families 
of self-adjoint matrices {b[^\ . . . , Bn ^} in A^j^"-(C) for s = 1,2, . . ., such that 

lim \\P{b['\...,bI^^)\\ = ||P(xi,...,x„)||, VPgC(Xi,...,X„). 

s— >oo 

For any positive integers Ni < N2 and 1 < i < n, we define 

Dim, N,- 1) = pf ^) © pf © ■ • • © pf ^) 

D{N,; = Pf ^) © Pi^^+^) © Pf © ■ ■ ■ 
D{N^, N2; tr = DiN^, N^; t) © P(Xi, N2; i) © D{N^, X2; © ■ • • 
P(Xi; «)°° = P(Xi; i) © P(Xi; i) © P(Xi; «)©■••. 
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It is not hard to sec that, for any P G C(Xi, . . . , 

\\P{D{N^,N2■,lr,■■■ ,D{N,,N,-nr)\\ = \\P{D{N,, N^;!), ■ ■ ■ , D{N,, N^inm (5.10) 

\\P{D{N,- ir, D{N,- nDW = \\P{D{m- 1), ■ ■ ■ , D(iVi; n))|| (5.11) 

Um \\P{D{N,, iV2; 1), • • • , D{N^, N^; n))\\ = \\P{D{N^■, 1), • • • , D{N^■, n))\\ (5.12) 
Ar2— >oo 

\\P{DiN^;ir,.--,DiN^;nr)\\^ sup ||P(5f . . . , ^))|| 

N2>Ni 

> ||P(a;i,...,a;„)|| (5.13) 
lim \\PiD{N,; 1), • • • , D{N^, n))\\ = ||P(xi, . . . , x„)||. (5.14) 

iVl— ♦oo 

Furthermore, we let 

E{N,, N2; i) = {Bf'Y © {B^'^'Y © {Ef'^-^Y © • • • © (Pf 

It is easy to see that 

(P(iVi, iVa; 1), . . . , E{Ni, N2; n)) {D{Nu N^; 1)°°, . . . , D{N,, N2; nD (5.15) 
(P(iVi; 1), . . . , E(iVi; n)) (D(iVi; I)'-, . . . , D(iVi; n)°°). (5.16) 

Let P(A^i) = C*(P>(Ari; l)~, . . . , D(Ari; n)~) be the unital C*-algebra generated by 

DiN^■,l)°°,■■■ ,DiN^■,n^ 

on a separable Hilbert space Tii- Let idx)(Ni) be the identity representation of T>{Ni) on Tfi, i.e. 

idv^N,) : 2^(A^i) ^ 2^(A^i) 

is defined by idT){Ni){x) — x for any x in T>{Ni). By the inequality (5.13), we know there is a 
unital *-homomorphism 

such that 

PAri(P'(iVi;i)°°) = 7r(x0, V 1 < i < n, 
because tt is a faithful *-representation of A on Ti. Denote 

D{N^) = {D{NrAr,...,D{N,-nr) 

X — {X\ 1 ■ ■ ■ 1 3^n) ■ 

By Lemma 5.4, we know that 
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It follows that, 

D{Ni) © 7t{x) = (D(iVi; 1)°^ © 7i{xi), D{Ni; © 7r(a;„)) 
= {idv{m) ® Pn^){D{Ni)) 

—z ^ Norm 

elw* D{Ni) W \ W : Hi ®n ^ Hi is Bi uniatry operator} 
By Lemma 5.5, we know that 

-z r- *-SOT 

7r(f) e Iv* D{Ni) © 7r(f ) V \ V : H ^ Hi ®n is a uniatry operator | 
It induces that 

SOT 



7i{x) e D{Ni) Ui \ Ui -.n ^Hiis a uniatry operator} . (5.17) 

Take a positive integer k. For such k and the family of polynomials {Pi, . . . , Pk}, by equation 
(5.11), equation (5.14), we know that there is a positive integer Ni such that 

(i) 

I \\Pr{D{N,; 1), . . . , D{Ni; n))\\ - ||P,(xi, . . . , x„)|| | < ^, V 1 < r < A;. 

For the family of vectors {^i, . . . , ^k}, by the fact (5.17) we know there is a unitary Ui : H ^ Hi, 
such that 

(ii) 

\\Ui D{Ni; Ui-Cr- A^i) ■Cr\\<^, forl<i<n,l<r<k. 

In view of the fact (5.16), i.e. 

{D{Ni; ir, D{Ni- nD (E(iVi; 1), . . . , E(iVi; n)) 

and the fact (5.11), together with the definitions of E{Ni, N2;i) and E{Ni;i), we know there 
are a positive integer N2 > Ni and a unitary U2 : H ^ H3 such that 
(iii) 



(iv) 



\Pr{E{Ni, iVs; 1), . . . , E{Ni, N2; n))\\ - \\Pr{xu . . . , a;„) || | < ^, V 1 < r < A;; 



\U; E{Ni, N2; i) U2-ir- ^{xi) ■ irW < ^, forl<i<n, l<r<k, 



where we assume that E{Ni, N2; 1), . . . , E{Ni, N2; n) act on a separable Hilbert space 0.3. In 
view of the fact (5.15), i.e. 

{E{Ni, iVs; 1), . . . , E{Ni, N2; n)) {D{Ni, N2; 1)~, . . . , D{Ni, N2; n)°°), 

if we let 

A^^ = D{Ni, N2; i) e (C), l<i<n 
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This completes the proof of the theorem. 



□ 



Recall that A C B{H) is a separable quasidiagonal C*-algebra if there is an increasing 
sequence of finite-rank projections {Ei}'^i on H tending strongly to the identity such that 
\\xEi — Eix\\ ^ as i ^ oo for any x & A. The examples of quasidiagonal C*-algebras include 
all abelian C*-algebra and all finite dimensional C*-algebras. An abstract separable C*-algebra 
A is quasidiagonal if there is a faithful *-representation tt : A —>■ B{7i) such that 7r(.4) C B{T-C) 
is quasidiagonal. 

Following lemma will be needed in the proof of Theorem 5.3. 

Lemma 5.6. Suppose that A C B{H) is a separable unital quasidiagonal C-algehra, and 
Xi,...,Xn are self-adjoint elements in A. For any e > 0, any finite subset {Pi,...,Pj.} of 
C(Xi, . . . , Xn) and any finite subset {^i ■ ■ ■ ,^r} ofTi, there is a finite rank projection p in B{7i) 
such that: 

(i) Uk - P Cfell < lb ^iP Cfc - XiikW < e, for all 1 < i < n and 1 < k < r; 

(ii) \\\Pj{p xip, ...,p XnP)\\B{pn) - \\Pj{^i, ■ ■ ■,Xn)\\\ < e, for all l<j<r. 

Proof. It follows directly from the definition of quasidiagonality of a separable C*-algebra. 



Theorem 5.3. Suppose that H is a separable complex Hilbert space, and r e N. Suppose 
that 



is a family of unit vectors in Ti. Suppose that A C B{7i) and B C B{T-C) are two separable unital 
quasidiagonal C-algehras on H. Assume that A, or B, is generated by a family of self-adjoint 
elements xi, . . . ,Xn in A, or by a family of self-adjoint elements yi, . . . ,ym in B respectively. 
Then there are a positive integer t, a family of self-adjoint matrices 



□ 




{A,..., A, B^,...,BJs(lMr-{C), 




V 1< i < r 



r 
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and 



|||g,(5i, ...,Bm)\\- imvu • • • , VmlW < -; V 1 < i < r 



(2) 



and 



r 



\U*A^UCk - XiCkW <-, y l<i<n, l<k<r; 

r 

U*BfU^u - VM V 1 < i < m, 1 < A; < r, 



r 

where we follow the previous notation by assuming 

— Ai © Ai © • • • ; ~ ® ffi ■ ■ ■ 

are operators acting on the Hilbert space (C*)°^ = C* © C* © C* © • • • . 

Proof. Without the loss of generahty, we will assume that < 1 and \\yj\\ < 1 for all 
1 < i < n,l < j < m. Note that A and B are two separable unital quasidiagonal C*-algebras 
on Ti. By Lemma 5.6, there are finite rank projections p and q in B{H) such that: 

(i) for all 1 < i < n, 1 < J < m and 1 < A; < r, we have 

Hp ik-ik\\ < ^, 

and 



(ii) for all 1 < i < r, we have 



\Pi{pxip, . . . ,pxnp)\\ - \\Pi{xi, . . . ,a;„)||| < -, 



and 

\\\Qi{qyiq,...,qymq)\\ - \\Qi{yi,---,ym)\\\ < 



r 

Let p be a finite rank projection in B{T-C) such that p < p. q < p and rank(p) is a common 
multiple of rank(p) and rank(g). Therefore there are equivalent mutually orthogonal projections 
ei = Pi 62, ... , and equivalent mutually orthogonal projections /i = g, /2, . . . , such that 
Yl'l^i = Si=i fi ~ P- '"ii ■ ■ ■ I'^di and Wi, . . . , w^^ be partial isometrics in B[T-L) such that 
v*Vi — ei — p, ViV* — Cj, w*Wj — fi — q, and WjW* — fj. Let /C = pH and 

di 

Xi^^Vi^XiV^, l<i<n 
n=i 

It is easy to check that 
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(iii) for all 1 < i < n, 1 < j < m and 1 < k < r, we have 

pCk - XiCkW < pCk- XipCkW + \\XiPCk - XiCkW < -, 

r 

and 

ll^i Q^k - Vj^kW < WVj q^k- VjQ^kW + WVjQ^k - Vj^kW < p 

(iv) for all 1 < i < r, we have 

\\\Pi{xi,. . . ,Xn)\\ - \\Pi{xi,. . . ,Xn)\\\ = \\\ Pi{px ip , . . . , px np) \\ - ||Pi(a;i, . . . , || | < -, 

r 

and 

\\\Qi{yi,---,ym)\\ - \\Qi{yi,---,ym)\\ \ = \ \\Qi{qyiq,---,qymq)\\ - \\Qi{yi,---,ym)\\ \ < ^• 

Let t = dimcK, and p : B{IC) A^t(C) be a *-isomorphism from B{IC) onto A1t(C). Let 
Ai = p{xi), Bj = p{yj) for 1 < i < n, 1 < j < m; 

and 

Aj^ — Ai (B Ai © • • • ; Bj — Bj © Bj © • • • 

be operators acting on the Hilbert space (C*)°° = C* ® C* © C* © • • • . Thus 

Ai = A*, Bj ^B*, 1 <i <n, 1 < j <m. 

Moreover there exists a unitary U : Ti ^ (C*)°°, which induces a faithful *— representation 
Ad{U*) of Att(C)°° on n satisfying p°° = Ad{U). Thus by (iii) and (iv), we have 

(1) 

I \\P,iA^, ...,A^)\\- \\P,{xi, ...,Xm\\\<^, \/l<i<r 

and 

\\\Qi{Bi, ...,BJ\\- \\Qi{y^, . . .,yj\\ < -; V 1 < i < r; 

r 

(2) for l<k<r, l<i<n, l<k<r, 

\\U*ArUCk - = \\{U*ArUCk - U*ArUpik) + {xipCk - XiCk)\\ < -; 

r 

and 

\\U*B]-U^k - VM = \\{U*B]-Uik - U*BfUqik) + {mik ' l/iCfe)!! < I- 
This completes the proof of the theorem. □ 
Recall the definition of the unital full free product of two unital C*-algebras as follows. 
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Definition 5.3. The unitalfull free product ofunital C* -algebras {Ai}'^i (m > 2) is a unital 
C'-algehra V, denoted by Ai*cA2*c' ■ '*C'^m, equipped with unital embedding {ui : Ai — > T>}'^^, 
such that (i) the set U™;^o"j(^j) is norm dense in T>; and (ii) if (pi is a unital *-homomorphism 
from Ai into a unital C* -algebra V for i = 1,2, . . . ,m, then there is a unital *-homomorphisms 
ip from V to V satisfying 4>i = ip o ai, for i = 1,2, . . . ,m. If there is no confusion arising, we 
will identify the element Xi in Ai with its image in V. 

Suppose that A and B are unital C*-algebras with a family of self- adjoint generators xi, . . . ,Xn 
and yi, . . . ,ym respectively. Let A *c B he the unital full free product of A and B, defined 
as above, with a family of self-adjoint generators {xi, . . . , Xn,yi, ■ ■ ■ ,ym}- Let {Pr}'^i, or 
{QrjJ^D or {'^r}'^i be the collection of all noncommutative polynomials in C(Xi, . . . , X„), 
or C(Yi, . . . , Y^), or C{Xi, . . . , X^, Yi, . . . , Y^) respectively, with rational complex coefficients. 
Then we have the following result. 

Lemma 5.7. Let A, B and xi, . . . , Xn, yi, . . . ,ym be as above. For any positive integer a, there 
is a positive integer r so that the following hold: 

If Ai, . . . , An, Bi, . . . , are self-adjoint elements on a separable Hilbert space K, so 
that 

\\\Pi{A^,...,An)\\ 

and 

\\\Qi{B,,...,Bj\\ 
then, V 1 < j' < a, 

...,An,Bi,.. .,B^)\\b{IC) < W'^jiXi, ...,Xn,yi,.. • ,2/m)|U*cB + -■ 

a 

Proof. We will prove the result of the lemma by using contradiction. Assume that there 
are a positive integer a and a sequence of self-adjoint elements 

At\...,A^:\Bt\...,B^:} in B{1C^% r = l,2,... 
satisfying, for all r > 1, 

m{At\ - ||P.(a;i, . . . < ^, V 1 < i < r (5.18) 

and 

\\mBt\ - WQiiy,, ... ,1/^)111 < i, V 1 < z < r; (5.19) 

but 

m^{||*,(4'-\ . . .,A(:\b['-\ . . . ,B«)||5(^„)-||*,-(xi, ...,xn,y^,.. .,ym)\\A*cB} > -■ (5.20) 
Consider the unital C*-algebra Ur B{K,'^'^)/ 'Zr BiJC^''^) and elements 

r r 



-\\Pi{x,,...,Xn)\\\<-, Vl<i<r 

r 

-\\Qi{yi,---,ym)\\\<-, Vi<i<r, 
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By the inequalities (5.18) and (5.19), there are unital embedding 0i : A Ylr -^i^^^^) / J2r -^i^^^^) 
and 02 : S ^ Ur B{IC^''^)/ Er B{IC^''^) so that 

0i(x,J = [{A^Xl = [{Bt\l 1 < 21 < n, 1 < 22 < m. 

By the definition of the full free product A *c -B, there is a *-homomorphism ip : A*ic B ^ 
n,5(/CM)/E.5(/CM) so that 

0(x,J = [{AtXl 0(t/,J = [(<^]> 1 < ^1 < n, 1 < 22 < m, 
where xi, . . . , x„, yi, . . . ,ym are identified as the elements in ^ *c B. Therefore, V 1 < j < a, 
||*,([(4^)).], . . . , [(AM).], [{b[%], . . . , [(i?L^^])|ln.B(K:«)/E.B(.:(0) 

= hmsup \\^Mi\ ■ ■ • • • . ,Si^))b(ycM) 

< \\^j{Xi, ...,Xn,yi,.. ■,ym)\\A*cB, 

which contradicts the inequality (5.20). 

□ 

In [9], Exel and Loring showed that the unital full free product of two residually finite 
dimensional C*-algebra is residually finite dimensional, which extends an earlier result by Choi 
in [6]. In f3J, Boca showed that the unital full free product of two quasidiagoanl C*-algebras is 
also quasidiagonal. Our next result provides the analogue of the preceding results from Choi, 
Exel and Loring, and Boca in the context of MP algebras. 

Theorem 5.4. Suppose A and B are finitely generated unital MF algebras. Then the unital 
full free product A*c B is an MF algebra. 

Proof. Assume that A, and B, are generated by a family of self-adjoint elements Xi, . . . , x„, 
and yi, . . . ,ym respectively. Thus we can assume that xi, . . . , x„, yi, . . . ,ym also generate A*cB 
as a C*-algebra. Assume the n : A *c B —>■ B{l-C) is a faithful ^-representation oi A*c B 
on a separable Hilbert space Ti. Let {Prj^^^i, or {QrjJ^i, or {^r}T=i be the collection of all 
noncommutative polynomials in C(Xi, . . . , or C(yL, . . . , F^), or C(Xi, . . . , X„, Fi, . . . , F^) 
respectively, with rational complex coefficients. 

To show that ^ *c is an MP algebra, it suffices to show that for any positive integer tq, 
there are a positive integer t and self-adjoint matrices 

G M(C) 

such that, V 1 < j < To, 

|||^j(Al, . . . , . . .,Brn)\\Mt{C) - W'^jiXl, ...,Xn,yi,.. • ,l/m)|U*cB| < i 

Suppose that {C,r} is a dense subset of the unit ball of H. Note that A and B are MP 
algebras. Por any positive integer r, by Theorem 5.2 we know there are positive integers n., rrir, 
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and self-adjoint matrices 

Et\ (c), f'[\ . . . , e Mr;(c), 

and unitary operators Ur : H ^ (C""^)"", Vr : H ^ (C^-)^ such that 
(1) 



||P,(i?i'-\...,EW)||-||P,(a;i,..., 



mFi'\---,F^^)\\-\myi,---,yn 



< —, y Ki <r; 

< — , V 1 < i < r. 

2r 



(2) 



\\U: (EilY UrCj - A^i.M V 1 < < n, 1 < J < r; 



V 1 < ^2 < 1 < i < 



(5.21) 
(5.22) 

(5.23) 
(5.24) 



Note both {U* (-B-[^)°° C/r}r=i and {V;* {F^^^)°° K}S=i are sets of quasidiagonal operators on 
the Hilbert space H. By Theorem 5.3, there are a positive integer tr, famihes of self-adjoint 
matrices 

and unitary Wr : H ^ {C^'')°° such hat 



(5.25) 



(3) 



m{4\ . . . , AW)!! - mE['\ . . . , £;W)!!| < 1, V 1 < i < r, 



and 



l!|g,(i?!^\...,i?W)!|-!|g,(Fl 



(r) 



(4) 



\lW:{At;^rWri, - U; {E^^T Ur^W <-, V l < < n, l < j < r; 



and 



\\w:iB^:YWr^j - v; iF^:T KO!! < ^, V 1 < i2 < m, 1 < J < r. 

Combining the inequalities (5.21), (5.22), (5,16) and (5.27), we have 



m4\...,A^:^)\\-m{x,,...,xr, 

!!g,(pf),...,pW)!!-!!g,(yi,...,y„ 



< -, V 1 < i < r; 

r 

< -, V 1 < i < r. 
r 



(5.26) 
(5.27) 

(5.28) 
(5.29) 

(5.30) 
(5.31) 
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Combining the inequalities (5.23), (5.24), (5.28) and (5.29), we have 

\\W:{At^YWr^j - vr(x,JOll <\, V 1 < < n, 1 < J < r; (5.32) 

\\W:{Bt^'rWri, - vr(t/,JO|| <\, V 1 < 22 < m, 1 < J < r. (5.33) 
By Lemma 5.7 and the inequahties (5.30), (5.31), we know that, for 1 < j < ro, 

hmsup \\^,{At\ . . . , . . . ,i?«)|U,^(c) < ||vl/,(xi, . . . . . ■ ,yrn)\WB- (5-34) 

1 — ►oo 

Note {W;{A^[^)°°Wr,W;{B\''^)'^Wr}r,nM is a bounded subset in B{rL). Since {^J^i is a 
dense subset of the unit ball of 7^, by the inequality (5.32) and (5.33) we know that, as r goes 
to infinity, 

iy;(4;))~W, ^ 7r(x,J, W:{Bt^)°^Wr^^{y^,)^nSOT, \Jl < < n,l < < m. 
Hence, for 1 < j < rg 

liminf ||vl>,(A('-), . . . , AW, B^;\ 5W)||a4,,(C) 

r — >oo 

= hminf \\^jiw:{A^;Ywr, . . . , w:{A^:YWr, w:iBi'Ywr, . . . , iy;(i?^^))°°iy.)b(7,) 

r^oo 

> ||*i(a;i, ...,Xm,yi,.. .,ym)\\A*cB- (5.35) 

From the fact (5.25) and inequalities (5.34) and (5.35), it follows that, for the given ro, there 
are a positive integer t and self-adjoint matrices 

Ai,...,A„,5i,...,5^ G MtiC) 

such that, V 1 < J < ro, 

|||^'j(Ai, ...,An,Bi,.. .,Bm)\\MtiC) - ||^j(a;i, ...,Xn,yi,.. ■,ym)\\A*cB\ < — • 

This completes the proof of the theorem. □ 

Remark 5.1. Using the similar argument in the proof of Theorem 5.3, the result of Theorem 
5.3 can be quickly extended as follows: Suppose A and B are separable unital MF algebras. 
Then the unital full free product A*icB is an MF algebra. 

In |15j . Haagerup and Thorbj0rnsen showed C*{F2) is an MF algebra. Combining with 
Voiculescu's discussion in |32j . they were able to conclude a striking result that Ext[C*{F2)) 
is not a group. Also based on |32j . Brown showed in [4] that if A is an MF algebra and 
Ext{A) is a group, then ^ is a quasidiagonal C*-algebra. It is a well-known fact that C*{F2) 
is not a quasidiagonal C*-algebra and any subalgebra of a quasidiagonal C*-algebra is again 
quasidiagonal. Now from Haagerup and Thorbj0rnsen's result on C*{F2) and our Theorem 5.4, 
it quickly follows the next corollary. 

Corollary 5.3. Suppose that B is a unital separable MF algebra. Then C*{F2) *c B is an 
MF algebra. Moreover, Ext{C*{F2) *c B) is not a group. 
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